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INTRODUCTION

Let m be an even positive integer and let w(x) = exp( - x m). The
orthogonal polynomials associated with w(x), denoted by {Pn(x)},;-='"iJ, are
defined by

f
+OO

Pn (x) pdx) w(x) dx = 0,
-00

= 1,

n =lk,

n=k
(1)

andpn(x)='Ynxn+ "', with 'Yn>O.
A survey by Nevai [9] contains recent investigations into the properties

of this class of orthogonal polynomials.
The zeros of Pn (x) are all real and distinct and are denoted by

The main result of this paper is the following theorem.

THEOREM 1. For n = 1, 2, ... the following estimates hold:

(i)

for some fixed positive number a;

(ii) max p~(x) exp( _xm) = bn(nl/3-1/m),
XE~
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for some sequence {bn}:~ I of positive numbers satisfying 0 <
limn_co bn~limn_co bn< 00.

For m=2 these results are known: (i) is due to Erdelyi [IJ; (ii) comes
from Plancheral~Rotach asymptotics [11, p. 201 J and Sonin's theorem
[11, p. 166]. When m ~ 4 these results are new although part (i) contains a
result of Nevai's [8 J when Ix I~ (1 - e) X In for any e> 0, and improves an
estimate of Lubinsky [3]. Part (ii), when m ~ 4, disproves a conjecture of
Nevai [6J that the sequence

is bounded.

M n=maxp~(x) exp( _xm),
XE~

n= 1, 2, ...,

THE DIFFERENTIAL EQUATION

In order to prove Theorem 1, a differential equation associated with
Pn(x) exp( -xmj2) is obtained. This has been done when m = 2,4, and 6
(see [11, 7, and 1OJ, respectively).

THEOREM 2. For n = 1, 2, ..., let

when the real sequence {cn}:~ 1 is bounded. A differential equation associated
with Pn(x) is

with

Z =Pn(x)[exp( - (xmj2) + gn (x) JjA~/2(x)

where the function gn(x) is twice differentiable and uniformly bounded in n
when elxl ~nllm for e>O, and

where the function hn(x) is uniformly bounded in n when slxl ~nllrn for
8>0.
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To verify the differential equation, we need not only the proof of Freud's
conjecture by Magnus [4] but also the estimate [5]

Yn-l = f3n1/m + d
n

n-(2m+ l)/m

Yn

where

and {dn }:= 1 is a bounded real sequence.
The proof of Theorem 1 is complicated but uses only elementary proper

ties of the differential equation. Theorem 1 has applications to Lagrange
interpolation at the zeros of Pn(x) (see, e.g., [2]).

ACKNOWLEDGMENT

The authors thank J. T. Lewis, D. S. Lubinsky, P. G. Nevai, and O. Shisha for their kind
encouragement while undertaking this project.

REFERENCES

1. A. ERDELYI, Asymptotic forms for Laguerre polynomials, J. Indian Math. Soc., Golden
Jubilee Volume 24 (1960), 235-250.

2. A. KNOPFMACHER AND D. S. LUBINSKY, Mean convergence of Lagrange interpolation for
Freud's weights with application to product integration rules, SIAM J. Math. Anal., in
press.

3. D. S. LUBINSKY, On Nevai's bounds for orthogonal polynomials associated with exponen
tial weights, J. Approx. Theory 44 (1985), 86-91.

4. AL. MAGNUS, A proof of Freud's conjecture about orthogonal polynomials related to
Ix [P exp( _x2m ) for integer m, manuscript.

5. A. MATE, P. NEVAI, AND T. ZASLAVSKY, Asymptotic expansions of ratios of coefficients of
orthogonal polynomials with exponential weights, Trans. Amer. Math. Soc., in press.

6. P. NEVAI, Lagrange Interpolation at zeros of orthogonal polynomials, in "Approximation
Theory II" (G. G. Lorentz, C. K. Chui, L. L. Schumaker, Eds.), pp. 163-201, Academic
Press, New York, 1976.

7. P. NEVAI, Orthogonal polynomials associated with exp( _x4
), in "Second Edmonton Con

ference on Approximation Theory, Canadian Math. Soc. Conf. Proc.3," 1983,
pp.263-285.

8. P. NEVAI, Exact bounds for orthogonal polynomials associated with exponential weights,
J. Approx. Theory. 44 (1985), 82-85.

9. P. NEVAI, Orthogonal polynomials on infinite intervals, manuscript.
10. R. SHEEN, "Orthogonal polynomials associated with exp( -x6/6)," Ph. D. dissertation,

Ohio State University, Columbus, Ohio, 1984.
11. G. SZEGO, "Orthogonal Polynomials," Amer. Math. Soc. Colloq. Pub!. Vo!. XXIII, 3rd

ed., 1967.


